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Abstract
,Q WKLV VWXG\ ZH KDYH QXPHULFDOO\ LQYHVWLJDWHG WKH UDGLDWLRQ IURP WZR VHSDUDWHG PHVDVWUXFWXUHG LQWULQVLF -RVHSKVRQ
MXQFWLRQV ,--V ZKLFK DUH HOHFWULFDOO\ FRQQHFWHG LQ VHULHV :H KDYH FDOFXODWHG HOHFWURPDJQHWLF ILHOG LQVLGH DQG RXWVLGH
RI ,--V VLPXOWDQHRXVO\ XVLQJ WZR GLPHQVLRQDO PRGHO 7KH UDGLDWLRQ SRZHU KDV EHHQ FDOFXODWHG DV D IXQFWLRQ RI WKH
GLVWDQFH EHWZHHQ WZR PHVDV :H KDYH REVHUYHG WKH RVFLOODWLRQ RI WKH UDGLDWLRQ SRZHU ZLWK UHVSHFW WR WKH GLVWDQFH
FRPLQJ IURP WKH FKDQJH RI HOHFWURPDJQHWLF LQWHUDFWLRQ EHWZHHQ WKH PHVDV ,Q SDUWLFXODU DW WKH GLVWDQFHV ZKHUH WKH
HOHFWURPDJQHWLF VWDQGLQJ ZDYHV DSSHDU LQ WKH LQWHUVSDFH EHWZHHQ WKH PHVDV WKH UDGLDWLRQ SRZHUV EHFRPH ODUJHU WKDQ
WZLFH WKH SRZHU HPLWWHG E\ RQH LVRODWHG PHVD :H KDYH DOVR FDOFXODWHG WKH UDGLDWLRQ SDWWHUQV HPLWWHG E\ WZR PHVDV DQG
IRXQG WKDW WKH UDGLDWLRQ SDWWHUQV JUHDWO\ FKDQJH ZLWK WKH GLVWDQFHV
F©  3XEOLVKHG E\ (OVHYLHU /WG 6HOHFWLRQ DQG/RU SHHUUHYLHZ XQGHU UHVSRQVLELOLW\ RI ,66 3URJUDP &RPPLWWHH
Keywords: LQWULQVLF -RVHSKVRQ MXQFWLRQV 7+] HPLVVLRQ PHVD DUUD\
1. Introduction
5HFHQWO\ WKH UDGLDWLRQ RI FRKHUHQW 7+] ZDYHV IURP KLJK 7F VXSHUFRQGXFWRU %L6U&D&X2+δ %6&&2
VLQJOH FU\VWDO KDV EHHQ UHSRUWHG >±@ ,Q %6&&2 VDPSOHV DF -RVHSKVRQ FXUUHQWV IO Z XQGHU GF ELDV YROW
DJHV EHWZHHQ LQWULQVLF -RVHSKVRQ MXQFWLRQV ,--V ZKLFK FRQVLVWV RI VWDFNLQJ RI VXSHUFRQGXFWLQJ &X2 OD\HUV
DQG LQVXODWLQJ %L6U2 OD\HUV 7KH LQWHQVH UDGLDWLRQ KDV EHHQ UHSRUWHG LQ ERWK H[SHULPHQWDO DQG WKHRUHWLFDO
VWXGLHV XQGHU WKH YROWDJHV ZKHUH WKH ac -RVHSKVRQ IUHTXHQFLHV FRLQFLGH ZLWK FDYLW\ UHVRQDQW IUHTXHQFLHV RI
WKH %6&&2 PHVD >±@ 7R DFKLHYH KLJK SRZHU 7+] HPLVVLRQ WKH UDGLDWLRQ IURP D QXPEHU RI HOHFWULFDOO\
FRQQHFWHG %6&&2 PHVDV KDV DWWUDFWHG PXFK DWWHQWLRQ LQ UHFHQW \HDUV 2ULWD HW DO KDYH LQYHVWLJDWHG WKH
LQWHQVLW\ RI UDGLDWLRQ IURP WZR VHULDOO\ FRQQHFWHG PHVDV DQG UHSRUWHG WKH LQFUHDVH RI WRWDO UDGLDWLRQ SRZHU
VXJJHVWLQJ V\QFKURQL]HG RSHUDWLRQ RI WKHVH PHVDV >@ +RZHYHU WKH PHFKDQLVP RI WKH LQFUHDVH RI UDGLDWLRQ
SRZHU KDV QRW EHHQ FODULILH \HW
,Q WKLV SDSHU ZH SUHVHQW WKH QXPHULFDO VLPXODWLRQ RI WKH UDGLDWLRQ IURP WZR VHSDUDWHG PHVDVWUXFWXUHG
,--V ZKLFK DUH HOHFWULFDOO\ FRQQHFWHG LQ VHULHV :H KDYH FDOFXODWHG WKH HOHFWURPDJQHWLF ILHOG LQVLGH DQG
∗&RUUHVSRQGLQJ DXWKRU 7HO +    )D[ +   
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RXWVLGH RI ,--V VLPXOWDQHRXVO\ XVLQJ WZR GLPHQVLRQDO PRGHO 7R FODULI\ WKH DUUDQJHPHQW LQ ZKLFK WKH UDGL
DWLRQ SRZHU LQFUHDVHV ZH KDYH FDOFXODWHG WKH UDGLDWLRQ SRZHU DV D IXQFWLRQ RI WKH GLVWDQFH EHWZHHQ WKH WZR
PHVDV 7KH UDGLDWLRQ SRZHU RVFLOODWHV ZLWK UHVSHFW WR WKH GLVWDQFH GXH WR WKH FKDQJH RI HOHFWURPDJQHWLF LQ
WHUDFWLRQ EHWZHHQ WKH PHVDV ,Q SDUWLFXODU DW WKH GLVWDQFHV ZKHUH WKH HOHFWURPDJQHWLF VWDQGLQJ ZDYHV DSSHDU
LQ WKH LQWHUVSDFH EHWZHHQ WKH PHVDV WKH UDGLDWLRQ SRZHU EHFRPHV ODUJHU WKDQ WZLFH WKH SRZHU HPLWWHG E\
RQH LVRODWHG PHVD :H KDYH DOVR FDOFXODWHG WKH UDGLDWLRQ SDWWHUQV HPLWWHG E\ WZR PHVDV IRU VHYHUDO GLVWDQFHV
DQG IRXQG WKDW WKH UDGLDWLRQ SDWWHUQV JUHDWO\ FKDQJH ZLWK WKH GLVWDQFHV
2. Calculation Method
,Q WKLV VWXG\ ZH FRQVLGHU WZR GLPHQVLRQDO VOLFH xz SODQH RI LQILQLW ORQJ PHVD VDPSOHV ZKRVH ,--V
VWDFN DORQJ WKH z D[LV )LJXUH  VKRZV WKH VFKHPDWLF ILJXU RI RXU FDOFXODWLRQ PRGHO 7KH WZR PHVDV DUH
VDQGZLFKHG E\ LQILQLW VL]H VXEVWUDWHV DQG XSSHU HOHFWURGHV 7KH ZLGWKV RI WKH HOHFWURGHV DUH WKH VDPH DV
WKRVH RI WKH PHVDV :H DVVXPH WKH VXEVWUDWH DQG HOHFWURGHV DUH SHUIHFW HOHFWULF FRQGXFWRUV 7KH dc H[WHUQDO
FXUUHQW LV LQMHFWHG IURP WKH ULJKW XSSHU HOHFWURGH DQG IO Z WKURXJK WKH WZR PHVDV DQG WKH VXEVWUDWH WR WKH
OHIW XSSHU HOHFWURGH 7KH GRWWHG DUURZV LQGLFDWH WKH SDWK RI WKH dc FXUUHQW )RU WKH RXWHU ERXQGDU\ RI WKH
V\VWHP ZH XVH WKH SHUIHFWO\ PDWFKHG OD\HU DEVRUELQJ ERXQGDU\ FRQGLWLRQ 7KH JHRPHWULHV RI WKH WZR PHVDV
DUH VDPH DQG WKH VL]HV DUH DV IROORZV ZLGWK w = .λc KHLJKW h = .λc ZKHUH λc LV WKH SHQHWUDWLRQ
GHSWK DORQJ WKH ,-- SODQH
:H XVH LQSKDVH DSSUR[LPDWLRQ DOO SKDVH GLﬀHUHQFHV EHWZHHQ ,-- OD\HV DUH HTXDO WR HDFK RWKHU ,Q WKLV
DSSUR[LPDWLRQ WLPH HYROXWLRQ RI QRQ GLPHQVLRQDO HOHFWURPDJQHWLF ILHOG DQG WKH SKDVH GLﬀHUHQFHV LQ WKH
,--V DUH GHVFULEHG E\ WKH IROORZLQJ HTXDWLRQV> @
∂
∂t′













B′y ± j′ext − VLQ P − βE′z,
ZKHUH P LV WKH SKDVH GLﬀHUHQFH EHWZHHQ ,--V Ez LV HOHFWULF ILHOG By LV RVFLOODWLQJ SDUW RI PDJQHWLF ILHOG
DQG jext LV WKH dc H[WHUQDO FXUUHQW XQLIRUPO\ LQMHFWHG LQWR ,--V 7KH VLJQ RI WKH H[WHUQDO FXUUHQW LV SOXV IRU
OHIW PHVD PHVD , DQG PLQXV IRU ULJKW PHVD PHVD ,, 7KH SDUDPHWHU β = πλcσc/c
√
c LV QRUPDOL]HG
FRQGXFWLYLW\ DQG c LV WKH GLHOHFWULF FRQVWDQW RI WKH MXQFWLRQV ,Q WKLV VWXG\ ZH WDNH c =  β = .
,Q WKH DERYH HTXDWLRQV ZH XVH QRQ GLPHQVLRQDO TXDQWLWLHV DV IROORZV OHQJWK x′ = x/
√
cλc WLPH t′ = ωpt
ZKHUH ωp = c/
√
cλc HOHFWURPDJQHWLF ILHO E′ = eD/ωpE B′ = eD/ωpB ZKHUH D LV WKH WKLFNQHVV
RI LQVXODWLQJ OD\HUV RI ,--V DQG FXUUHQW j′ = πDλc/cφ j ,Q WKH RXWVLGH UHJLRQ RI WKH ,--V ZH VROYH WKH
WZR GLPHQVLRQDO 0D[ZHOO¶V HTXDWLRQ
)LJ  $ VFKHPDWLF YLHZ RI WZR GLPHQVLRQDO FDOFXODWLRQ
PRGHO
)LJ  7KH UDGLDWLRQ SRZHU DV D IXQFWLRQ RI YROWDJH DW d =
.λ
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3. Results and discussions
7R LQYHVWLJDWH WKH GHSHQGHQFH RI WKH UDGLDWLRQ SRZHU RQ WKH DUUDQJHPHQWV RI WKH PHVDV ZH KDYH FDO
FXODWHG WKH UDGLDWLRQ SRZHU ZLWK FKDQJLQJ WKH GLVWDQFH d EHWZHHQ WKH WZR PHVDV $V UHSRUWHG LQ SUHYLRXV
WKHRUHWLFDO VWXGLHV > @ WKH KRPRJHQHRXV PHVDVWUXFWXUHG ,--V LQ WKH LQSKDVH PRGH VKRZV VWURQJ HPLVVLRQ
DW WKH YROWDJHV ZKHUH WKH ac -RVHSKVRQ IUHTXHQF\ fJ = eV/h VDWLVILH WKH HYHQQXPEHUHG FDYLW\ UHVRQDQFH
FRQGLWLRQ fJ = cn/√cw ZKHUH n LV HYHQ QXPEHU ,Q WKLV VWXG\ ZH KDYH IRFXVHG RQ WKH VWURQJ HPLVVLRQ LQ
WKH FRQGLWLRQ n =  )RU YDULRXV YDOXHV RI d ZH KDYH FDOFXODWHG WKH UDGLDWLRQ SRZHU DV D IXQFWLRQ RI YROWDJH
DURXQG WKLV FRQGLWLRQ 7KHQ ZH KDYH HVWLPDWHG WKH PD[LPXP UDGLDWLRQ SRZHU IRU HDFK d )LJXUH  VKRZV
WKH H[DPSOH RI WKH UDGLDWLRQ SRZHU YHUVXV YROWDJH FXUYH DW d = .λ +HUH YROWDJH LV QRUPDOL]HG E\
Vp = ωp/e DQG λ LV WKH ZDYHOHQJWK RI WKH UDGLDWLRQ ZDYH LQ IUHH VSDFH 7KH GRWWHG OLQH LQGLFDWHV WKH UD
GLDWLRQ SRZHU HPLWWHG E\ RQH LVRODWHG PHVD :H FDQ VHH WKH VKDUS SHDNV RI WKH UDGLDWLRQ DURXQG V = .Vp
ZKHUH fJ VDWLVILH FDYLW\ UHVRQDQFH FRQGLWLRQ n =  ,Q )LJ  ZH SORW WKH PD[PXP UDGLDWLRQ SRZHU DV D
IXQFWLRQ RI d +HUH P LV WKH PD[LPXP UDGLDWLRQ SRZHU HPLWWHG E\ RQH LVRODWHG PHVD $V VKRZQ LQ WKLV
ILJXUH WKH UDGLDWLRQ SRZHU RVFLOODWH ZLWK UHVSHFW WR d DQG WKH SHULRG RI WKH RVFLOODWLRQ LV DERXW λ
)LJ  7KH UDGLDWLRQ SRZHU DV D IXQFWLRQ RI d )LJ  7KH DPSOLWXGH PDS RI WKH Hy RVFLOODWLQJ DW ac -RVHSK
VRQ IUHTXHQF\ IRU D d = .λ DQG E d = .λ
7KLV RVFLOODWLRQ FDQ EH XQGHUVWRRG IURP WKH FKDQJH RI WKH HOHFWURPDJQHWLF LQWHUDFWLRQ EHWZHHQ WKH PHVDV
,Q WKLV V\VWHP WKH SKDVH RI PDJQHWLF ILHO Hy QHDU WKH ULJKW HGJH RI WKH PHVD , DQG WKH OHIW HGJH IR WKH PHVD
,, DUH HTXDO +HQFH ZKHQ WKH d LV VPDOO WKH RVFLOODWLRQ RI Hy EHWZHHQ WKH PHVDV LV HQKDQFHG E\ FRQVWUXFWLYH
LQWHUIHUHQFH ,Q )LJ  D ZH VKRZ WKH DPSOLWXGH PDS RI Hy RVFLOODWLQJ DW ac -RVHSKVRQ IUHTXHQF\ LQ WKH FDVH
RI d = .λ 7R PDNH WKH UDGLDWLRQ ILHO FOHDU WKH ILHO LQVLGH WKH PHVDV LV QRW VKRZQ KHUH ,Q WKLV ILJXUH
ZH FDQ VHH WKH ODUJH RVFLOODWLRQ RI Hy LQ WKH LQWHUVSDFH EHWZHHQ WKH PHVDV 7KH ODUJH RVFLOODWLRQ RI PDJQHWLF
ILHO QHDU WKH PHVD HGJH LQGXFHV WKH RVFLOODWLQJ FXUUHQW IO ZLQJ WKURXJK WKH PHVD DQG HQKDQFHV WKH -RVHSKVRQ
SODVPD H[FLWDWLRQ LQ WKH ,--V ,Q FRQVHTXHQFH WKH UDGLDWLRQ SRZHU HPLWWHG E\ HDFK PHVD LQFUHDVHV DQG WKH
WRWDO UDGLDWLRQ SRZHU EHFRPH ODUJHU WKDQ P 0RUHRYHU WKH HQKDQFHPHQW RI WKH UDGLDWLRQ SRZHU DOVR RFFXU
DURXQG d = nλ + .λ ZKHUH Q LV DQ LQWHJHU ,Q )LJ  E ZH VKRZ WKH DPSOLWXGH PDS RI Hy RVFLOODWLQJ DW
ac -RVHSKVRQ IUHTXHQF\ LQ WKH FDVH RI d = .λ $V VKRZQ LQ WKHVH ILJXUHV WKH VWDQGLQJ ZDYH RI Hy ZKRVH
DQWLQRGHV DUH ORFDWHG DW WKH PHVD HGJHV DSSHDU LQ WKH LQWHUVSDFH RI WKH WZR PHVDV 6LPLODU WR WKH DERYH WKH
ODUJH RVFLOODWLRQ RI PDJQHWLF ILHO QHDU WKH PHVD HGJH HQKDQFHV WKH UDGLDWLRQ SRZHU 0HDQZKLOH ZKHQ
d LV IDU IURP WKH DERYH FRQGLWLRQV RVFLOODWLQJ ILHOG Hy DW PHVD HGJHV DUH VXSSUHVVHG E\ WKH GHVWUXFWLYH
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LQWHUIHUHQFH 7KHQ WKH UDGLDWLRQ SRZHU HPLWWHG E\ HDFK PHVD GHFUHDVHV DQG WKH WRWDO UDGLDWLRQ SRZHU
EHFRPH VPDOOHU WKDQ P
,Q WKLV PDQQHU WKH UDGLDWLRQ SRZHU YDULHV ZLWK D SHULRG RI λ GXH WR WKH FKDQJH RI HOHFWURPDJQHWLF LQWHU
DFWLRQ EHWZHHQ WKH PHVDV 7KLV LQWHUDFWLRQ EHFRPHV ZHDN ZLWK LQFUHDVLQJ GLVWDQFHV KHQFH WKH DPSOLWXGH RI
WKH SRZHU RVFLOODWLRQ EHFRPH VPDOO IRU ODUJH d DV VKRZQ LQ )LJ  ,W VKRXOG EH QRWHG WKDW WKH GLVWDQFH d ZKHUH
WKH VWDQGLQJ ZDYHV DSSHDU LV .λ ODUJHU WKDQ LQWHJUDO PXOWLSOH RI λ 7KLV GHYLDWLRQ IURP d = nλ LV FRQ
VLGHUHG WR FRPH IURP WKH GHFUHDVH RI HﬀHFWLYH GLVWDQFH E\ WKH H[LVWHQFH RI IULQJLQJ ILHO DW WKH PHVD HGJHV
)LQDOO\ LQ )LJ  ZH VKRZ WKH UDGLDWLRQ SDWWHUQ HPLWWHG E\ WKH WZR PHVDV IRU d = .λ DQG d = .λ
$V VKRZQ LQ WKLV ILJXUH WKH UDGLDWLRQ SDWWHUQ DW d = .λ ZKHUH WKH PHVDV VKRZ VWURQJ HPLVVLRQ GLﬀHU
VXEVWDQWLDOO\ IURP WKH SDWWHUQ DW d = .λ ZKHUH WKH PHVDV VKRZ ZHDN HPLVVLRQ 7KHUHIRUH WKH DQDO\VHV
RI WKH UDGLDWLRQ SDWWHUQV FRXOG EH KHOSIXO WR XQGHUVWDQG WKH GHWDLOV RI HOHFWURPDJQHWLF LQWHUDFWLRQ EHWZHHQ
WKH PHVDV
)LJ  7KH SRODU SORWV RI UDGLDWLRQ LQWHQVLW\ HPLWWHG
E\ WKH WZR PHVDV DW d = .λ DQG d = .λ
4. Conclusion
,Q WKLV VWXG\ ZH KDYH QXPHULFDOO\ LQYHVWLJDWHG WKH UDGLDWLRQ IURP WZR VHSDUDWHG PHVDVWUXFWXUHG LQWULQVLF
-RVHSKVRQ MXQFWLRQV ,--V ZKLFK DUH HOHFWULFDOO\ FRQQHFWHG LQ VHULHV :H KDYH FDOFXODWHG WKH UDGLDWLRQ SRZHU
DV D IXQFWLRQ RI WKH GLVWDQFH EHWZHHQ WZR PHVDV :H KDYH REVHUYHG WKH RVFLOODWLRQ RI WKH UDGLDWLRQ SRZHU
ZLWK UHVSHFW WR WKH GLVWDQFH FRPLQJ IURP WKH FKDQJH RI HOHFWURPDJQHWLF LQWHUDFWLRQ EHWZHHQ WKH PHVDV ,Q
SDUWLFXODU DW WKH GLVWDQFHV ZKHUH WKH HOHFWURPDJQHWLF VWDQGLQJ ZDYHV DSSHDU LQ WKH LQWHUVSDFH EHWZHHQ WKH
PHVDV WKH UDGLDWLRQ SRZHUV EHFRPH ODUJHU WKDQ WZLFH WKH SRZHU IURP RQH LVRODWHG PHVD :H KDYH DOVR
FDOFXODWHG WKH UDGLDWLRQ SDWWHUQV HPLWWHG E\ WZR PHVDV DQG IRXQG WKDW WKH UDGLDWLRQ SDWWHUQV JUHDWO\ FKDQJH
ZLWK WKH GLVWDQFHV 2XU UHVXOWV LQGLFDWH WKDW WKH FRQWURO RI WKH DUUDQJHPHQW RI WKH ,--V DUUD\ LV RQH RI NH\
IDFWRUV WR GHVLJQ KLJK SRZHU ,--V DUUD\
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